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Abstract
In this article, we show that a ð2n; 2; 2n; nÞ relative difference set in a group G of order 4n
exists only if a Sylow 2-subgroup of G is non-cyclic and n is even unless n ¼ 1: We also
construct ð2n; 2; 2n; nÞ relative difference sets relative to non-normal subgroups.
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
An ðm; u; k; lÞ relative difference set (RDS) in a group G relative to a subgroup U
of order u and index m is a k-element subset R of G such that every element gAG\U
has exactly l representations g ¼ r1r12 with r1; r2AR and no non-identity element of
U has such a representation. The subgroup U is often called the forbidden subgroup.
If u ¼ 1; then R is an ðm; k; lÞ difference set (DS) in the usual sense. A
ðul; u; ul; lÞRDS is called semiregular. An RDS R in a group G relative to a
subgroup U is semiregular if and only if R is a complete set of right coset
representatives of G=U :
Let R be a ð2n; 2; 2n; nÞRDS in a group G of order 4n relative to a normal subgroup
UCZ2 of G: Such a group is called an Hadamard group of order 4n by Ito [4]. In this
article, we remove the condition that the forbidden subgroup is normal and show
that a Sylow 2-subgroup of G is non-cyclic and n is even unless n ¼ 1: We also give
examples of RDSs relative to non-normal forbidden subgroups.
For a subset X of G; we set X ð1Þ ¼ fx1 j xAXg and we identify a subset X
of G with a group ring element Xˆ ¼PxAX xAC½G	: Moreover, for f ¼
P
xAG
axxAC½G	 ðaxAC; 8xAGÞ; we set f ð1Þ ¼
P
xAG axx
1AC½G	: The terminologies are
taken from [2,5].
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2. The case that a Sylow 2-subgroup is cyclic
In this section, we show the following.
Theorem 2.1. If a group G of order 4n contains a ð2n; 2; 2n; nÞRDS; then a Sylow
2-subgroup of G is non-cyclic and n is even unless n ¼ 1:
Proof. Assume n is even and a Sylow 2-subgroup of G is cyclic. In his paper
[4], Ito showed the non-existence of ð2n; 2; 2n; nÞRDS in G relative to
a normal subgroup U of G of order 2 (see [4, Proposition 7]). However,
his proof does not depend on the normality of U : Thus, the theorem holds
in this case.
Assume n is odd. If there is an element x of order 2 outside U ; then x is
represented even times as a difference d1d
1
2 with d1; d2AR because x ¼ x1: This is
contrary to 2n: Hence, U contains all involutions of G and so G xU : By Ito [4],
n ¼ 1: Thus, we have the theorem. &
By Theorem 2.1, PSLð2; qÞ with q  3; 5 ðmod 8Þ contains no ð2n; 2; 2n; nÞRDS.
We ask the following:
Question. Is there any ﬁnite simple group of order 8m that contains a
ð4m; 2; 4m; 2mÞ RDS?
3. Construction of ð2n; 2; 2n; nÞRDSs
In this section, we give examples of groups that contain ð2n; 2; 2n; nÞRDSs relative
to non-normal forbidden subgroups.
Throughout this section we assume the following:
Hypothesis 3.1. Let R be a ð2n; 2; 2n; nÞRDS in a group G of order 4nð44Þ relative to
a subgroup /tS of order 2. There exists a normal subgroup N of G of index 2 such that
G ¼ /tSN: Set R ¼ A þ Bt; where A and B are subsets of N: We may assume
jAjpjBj by exchanging R for Rt if necessary.
Proposition 3.2. Let notations be as in Hypothesis 3.1. The following hold:
(i) there exists a positive integer m such that n ¼ 2m2 and jNj ¼ 4m2; jAj ¼
2m2  m;
(ii) AAð1Þ þ AtðAtÞð1Þ ¼ 2ðm2 þ ðm2  mÞNÞ; where At ¼ t1At; and
(iii) B ¼ N\At:
Conversely, if a subset A of N satisfies (i) and (ii), then a subset R of G defined by
R ¼ A þ ðN  AtÞt is a ð4m2; 2; 4m2; 2m2ÞRDS:
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Proof. By assumption, RRð1Þ ¼ 2n þ nðN þ Nt  1 tÞ: On the other hand,
RRð1Þ ¼ ðA þ BtÞðAð1Þ þ tBð1ÞÞ ¼ ðAAð1Þ þ BBð1ÞÞ þ ðBðAtÞð1Þ þ AðBtÞð1ÞÞt:
Hence we have
AAð1Þ þ BBð1Þ ¼ 2n þ nðN  1Þ ð1Þ
and
BðAtÞð1Þ þ AðBtÞð1Þ ¼ nðN  1Þ: ð2Þ
By (2), At-B ¼ f: On the other hand, jAj þ jBj ¼ jRj ¼ jNj ¼ 2n and At; BCN:
Hence (iii) holds.
Set a ¼ jAj and b ¼ jBj: Then, by (1) and (2), a þ b ¼ 2n and 2ab ¼ nð2n  1Þ:
From this, we have a ¼ n  ﬃﬃn
2
p
and b ¼ n þ ﬃﬃn
2
p
: Set m ¼ ﬃﬃn
2
p
: Then n ¼ 2m2 and
jAj ¼ 2m2  m; jBj ¼ 2m2 þ m: Thus (i) holds.
By (iii) and Eq. (1), we have AAð1Þ þ ðN  AtÞðN  ðAtÞð1ÞÞ ¼ 4m2 þ 2m2ðN 
1Þ: It follows that AAð1Þ þ AtðAtÞð1Þ þ ð4m2  2ð2m2  mÞÞN ¼ 2m2 þ 2mN: Thus
(ii) holds.
Assume that a subset A of N satisﬁes (i) and (ii) and set B ¼ N\ðAtÞ: Then, one
can easily verify that ðA þ BtÞðAð1Þ þ tBð1ÞÞ ¼ 4m2 þ 2m2ðN/tS/tSÞ: Thus,
Rð¼ A þ BtÞ is a ð4m2; 2; 4m2; 2m2ÞRDS relative to /tS:
A ð4s2; 2s2 þ es; s2 þ esÞ DS (e ¼71) is called an Hadamard difference set of
order s2: &
Example 3.3. Let N ¼ /xSCZ16 and let te ðe ¼71Þ be an automorphism of N of
order 2 deﬁned by xte ¼ x8þe: Set A ¼ f1; x; x3; x4; x5; x11g and B ¼ N\At; where
t ¼ te: Then one can verify that A with m ¼ 2 satisﬁes (i) and (ii) of Proposition 3.2.
This implies that the semi-dihedral group SD32 of order 32 and the modular 2-group
M5ð2Þ of order 32 have ð16; 2; 16; 8ÞRDSs relative to a non-normal subgroup of
order 2 (see [3]).
If t leaves AAð1Þ invariant in Proposition 3.2, then we have the following:
Proposition 3.4. Let A be an Hadamard difference set of order m2 in a group N of
order 4m2 and /tS a group of order 2 operating on N as an automorphism group of N:
Let G ¼ N/tS be a semidirect product of N by /tS: Then R ¼ A,ðN\AtÞt is a
ð4m2; 2; 4m2; 2m2ÞRDS in G relative to /tS:
Proof. As AAð1Þ ¼ m2 þ ðm2  mÞN; AtðAtÞð1Þ ¼ m2 þ ðm2  mÞN: Hence, A
satisﬁes (i) and (ii) of Proposition 3.2. Therefore, R ¼ A þ ðN  AtÞt is a
ð4m2; 2; 4m2; 2m2ÞRDS in G relative to /tS:
In [1], Arasu et al. constructed a ð2n; 2; 2n; nÞRDS in a group Z2  N; where N is a
group of order 2n containing an Hadamard difference set. The above proposition
can be regarded as a slight generalization of their result. &
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Example 3.5. Let X be a group of order 4 and set D ¼ f1gðCX Þ: Then D is an
Hadamard difference set of order 1. Assume that a group /yS of order 2 operates
on X : By Proposition 3.4, the following hold.
(i) If X ¼ /x1; x2SCZ2  Z2 and y centralizes X ; then f1g,fx1; x2; x1x2gy is a
ð4; 2; 4; 2ÞRDS in /x1; x2; ySCZ2  Z2  Z2 relative to /yS:
(ii) If X ¼ /xSCZ4 and y centralizes X ; then f1g,fx; x2; x3gy is a
ð4; 2; 4; 2ÞRDS in /x; ySCZ4  Z2 relative to /yS:
(iii) If X ¼ /xSCZ4 and y inverts X ; then f1g,fx; x2; x3gy is a ð4; 2; 4; 2ÞRDS in
/x; ySCD8:
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